We investigate how the dark energy properties change the cosmological limits on sterile neutrino parameters by using recent cosmological observations. We consider the simplest dynamical dark energy models, the wCDM model and the holographic dark energy (HDE) model, to make an analysis. The cosmological observations used in this work include the Planck 2015 CMB temperature and polarization data, the baryon acoustic oscillation data, the type Ia supernova data, the Hubble constant direct measurement data, and the Planck CMB lensing data. We find that, m eff ν,sterile < 0.2675 eV and N eff < 3.5718 for ΛCDM cosmology, m eff ν,sterile < 0.5313 eV and N eff < 3.5008 for wCDM cosmology, and m eff ν,sterile < 0.1989 eV and N eff < 3.6701 for HDE cosmology, from the constraints of the combination of these data. Thus, without the addition of measurements of growth of structure, only upper limits on both m eff ν,sterile and N eff can be derived, indicating that no evidence of the existence of a sterile neutrino species with eV-scale mass is found in this analysis. Moreover, compared to the ΛCDM model, in the wCDM model the limit on m eff ν,sterile becomes much looser, but in the HDE model the limit becomes much tighter. Therefore, the dark energy properties could significantly influence the constraint limits of sterile neutrino parameters.
I. INTRODUCTION
Neutrino oscillation experiments with solar and atmospheric neutrinos have already provided evidence for the non-zero neutrino mass [1] (see Refs. for the studies of the total neutrino mass in cosmology). There is still room for extra sterile species, supported by anomalies in short-baseline and reactor neutrino experiments [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . It seems that the fully thermalized (∆N eff ≈ 1) sterile neutrinos with eV-scale mass are needed to explain these anomaly results [28, 39, 40] .
However, recently, the neutrino oscillation experiments by the Daya Bay and MINOS collaborations [41] , as well as the cosmic ray experiment by the IceCube collaboration [42] , found no evidence for a sterile neutrino species with eV-scale mass, in tension with the previous shortbaseline neutrino oscillation experiments that prefer a sterile neutrino species with mass around 1 eV. Therefore, it is particularly important to search for cosmological evidence of sterile neutrinos through their gravitational effects on the large-scale structure formation and the evolution of the universe.
In Ref. [43] , it was shown that, in the Λ cold dark matter (ΛCDM) model, a search for massive sterile neutrinos with the latest observations (Planck TT,TE,EE+lowP+BAO+H 0 +SZ+lensing+WL) indicates that the mass of sterile neutrino (if it exists) is actually very light. Besides, involving a sterile neutrino species in the ΛCDM model can also relieve the tension between observations to some extent (see also Refs. [44] [45] [46] [47] [48] ) and improve the cosmological fit. For the related works about sterile neutrinos, see, e.g., Refs. [40, [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] .
The investigation in Ref. [43] for searching for sterile neutrinos is based on the ΛCDM cosmology. It is known that, though the cosmological constant Λ [66] is the simplest candidate for dark energy and actually the ΛCDM model can explain the various cosmological observations quite well [67, 68] , it suffers from the difficult theoretical puzzles, such as the "fine-tuning" and "cosmic coincidence" problems [69] [70] [71] . On the other hand, actually, many other dark energy candidates are not yet excluded by the current observational data [67, 68] . In fact, some dynamical dark energy models are still rather competitive in fitting the current observations [67] . Therefore, it is important to investigate how a dynamical dark energy impacts the measurements of sterile neutrino parameters with the latest cosmological observations, compared to the case of ΛCDM cosmology.
In this paper, we will investigate how the dark energy properties could influence the cosmological constraints on the sterile neutrino parameters. There are still too many dark energy models that are not excluded by the observations, and thus it is of course not possible and not necessary to discuss them one by one in this paper. In Refs. [10, 16] , the issue of constraining the active neutrino mass in dynamical dark energy models was discussed, and the scheme was to choose some typical dark energy models as the simplest extensions to the ΛCDM cosmology to detect the effects of dark energy properties on constraining neutrino mass. In this paper, we adopt the same scheme to investigate the issue concerning the sterile neutrino.
Following Refs. [10, 16] , we also only consider the simplest dynamical dark energy models, i.e., we only choose the models that have only one more parameter compared to ΛCDM. One is the so-called wCDM model in which a constant equation-of-state parameter (EoS) w is endowed for dark energy. Such a model is considered to be the simplest extension to the ΛCDM cosmology, but the drawback is obvious, i.e., there is no reason to remain w as a constant in the actual physical consideration. A usual remedy is to consider a time-varying EoS by adopting the parametrization w(a) = w 0 + w a (1 − a), but this introduces one more parameter and thus we will not consider this case in this paper. The other one we choose is the holographic dark energy (HDE) model [72] (for a recent review, see Ref. [73] ) that has only one additional dimensionless parameter, c, solely determining the cosmological evolution of dark energy in this model (note that here c is not the speed of light, and we actually use the natural units in which the speed of light is equal to one). The HDE model originates from the holographic principle of quantum gravity theory. From some theoretical considerations, the effective quantum field theory combined with the requirement of the holographic principle of quantum gravity leads to the HDE model with the energy density of dark energy given by
eh , where M pl is the reduced Planck mass and R eh is the event horizon of the universe. The HDE model is expected to provide some clues for a bottomup exploration of a quantum theory of gravity, and thus this model has been attracting extensive theoretical interests. In the HDE model, the evolution of EoS is given by w(a) = −1/3 − (2/3c) Ω de (a), where Ω de (a) is the solution of a differential equation. For the details of the evolution of dark energy in the HDE model, see the equations (2.4)-(2.7) in Ref. [21] . The HDE model has been widely studied (see, e.g., Refs. ). In particular, it was shown in a recent study [67] on the comparison of popular dark energy models that the HDE model is still a competitive candidate of dark energy among many theoretical models. This paper is organized as follows. In Sec. II, we will describe the analysis method and the observational data we use in this paper. In Sec. III, we present the fit results and discuss these results in detail. Conclusion is given in Sec. IV.
II. ANALYSIS METHOD AND
OBSERVATIONAL DATA
A. Analysis method
In this paper, we consider the simplest dynamical dark energy models, which means that the models we choose are those having one more parameter compared to ΛCDM, i.e., the wCDM model and the HDE model. We place constraints on the sterile neutrino parameters in the two considered dynamical dark energy models, and then make a comparison with the case of ΛCDM. There are six independent cosmological parameters in the base ΛCDM model,
where ω b ≡ Ω b h 2 and ω c ≡ Ω c h 2 are the present-day baryon and cold dark matter densities, respectively, θ MC is the ratio between the sound horizon and the angular diameter distance at the decoupling epoch, τ is the Thomson scattering optical depth due to reionization, A s is the amplitude of initial curvature perturbation power spectrum at k = 0.05 Mpc −1 , and n s is its spectral index. For dynamical dark energy models, an additional parameter w needs to be considered in the wCDM model and an additional parameter c needs to be considered in the HDE model. Thus, there are seven independent parameters in total for the wCDM model and the HDE model. In addition, there are two additional free parameters, N eff and m eff ν,sterile , for describing the sterile neutrino species (note that here N eff > 3.046). In this work we assume the minimal-mass normal hierarchy for active neutrinos, i.e., we fix the total mass of three-generation active neutrinos as m ν = 0.06 eV. When the sterile neutrino species is considered in the ΛCDM model, the wCDM model, and the HDE model, these cases are thus called the ΛCDM+ν s model, the wCDM+ν s model, and the HDE+ν s model, respectively, in this paper. Thus, the ΛCDM+ν s model has eight base parameters, and the wCDM+ν s model and the HDE+ν s model have nine base parameters.
The latest version of Monte Carlo Markov chain package CosmoMC [95] is employed in our calculation to infer the posterior probability distributions of parameters. We will make a comparison for the three models (the ΛCDM+ν s model, the wCDM+ν s model, and the HDE+ν s model) in this paper. Because there are different numbers of parameters for the three models, we employ the Akaike information criterion (AIC) [96] to do the model comparison. The AIC is defined as AIC = χ 2 min + 2k, where k is the number of parameters of a model. In practice, we do not care about the absolute value of the criterion, and we actually pay more attention to the relative values between different models, i.e., ∆AIC = ∆χ 2 min + 2∆k. A model with a lower AIC value is more favored by data. In this paper, we take the ΛCDM+ν s model as a reference model and compare the cases of dynamical dark energy with it.
B. Observational data
In this paper, we will search for sterile neutrinos in dynamical dark energy models with the current observations, and compare the constraint results with the case of ΛCDM. We consider the following data sets:
• The Planck data: We use the Planck 2015 data release of CMB temperature and polarization anisotropies, denoted as "Planck TT,TE,EE+lowP" [97] , following the Planck collaboration [98] .
• The BAO data: The BAO distance scale data are used in this paper to break the geometric degeneracy. We use the 6dFGS sample [99] , the SDSS MGS sample [100] , and the LOWZ and CMASS samples of BOSS DR12 [101] .
• The SN data: We use the "joint light-curve analysis" (JLA) sample [102] , compiled from the SNLS, SDSS, and the samples of several low-redshift SN data.
• The H 0 measurement: We employ the latest measurement of the Hubble constant, H 0 = 73.00±1.75 km s −1 Mpc −1 , reported in Ref. [103] .
• The lensing data: We use the CMB lensing power spectrum from the Planck lensing measurement [104] , which provides additional information at low redshifts. Since the CMB lensing reconstruction data directly probe the lensing power, they are sensitive to the neutrino mass.
There are actually also a number of measurements of growth of structure that are rather important for probing the properties of dark energy, active neutrinos, as well as sterile neutrinos. For example, the observations of weak gravitational lensing (WL), redshift space distortions (RSD), and galaxy cluster counts have been widely used to search for sterile neutrinos [43, 50, 105] , to weigh active neutrino mass [8, 11] , and to distinguish between dark energy and modified gravity [106] . However, currently, some significant, uncontrolled systematics still remain in these large-scale structure observations. In the paper [98] of Planck collaboration, they do not use RSD or galaxy weak lensing measurements for combined constraints just because of the uncontrolled systematics remained in these measurements. In this paper, to be in accordant with the Planck collaboration [98] , we do not use RSD, WL, or cluster counts measurements for combined constraints either. The usage of the observational data in this paper is identical to our previous studies [10, 16] on the cosmological weighing of active neutrinos, which is fairly convenient for a direct comparison of these studies.
In what follows, we will use these observational data to place constraints on the dynamical dark energy cosmologies involving sterile neutrinos. We will compare the dynamical dark energy models with the ΛCDM model, according to the constraints from two data combinations, i.e., Planck TT,TE,EE+lowP+BAO and Planck TT,TE,EE+lowP+BAO+SN+H 0 +lensing. In the next section, we will report and discuss the fitting results of the cosmological models in the light of these data sets.
III. RESULTS AND DISCUSSION
In this section, we report the fitting results of the three models (ΛCDM+ν s , wCDM+ν s , and HDE+ν s ) and discuss the impacts of dark energy on constraining the sterile neutrino parameters.
The fitting results are shown in Table I and Figs. 1-5. In Table I , we quote the ±1σ errors, but for the parameters that cannot be well constrained, we quote the 95.4% CL upper limits.
In the case of Planck TT,TE,
In Fig. 1 , we compare the constraint results of the three models in the fit to the Planck TT,TE,EE+lowP+BAO data combination. We find that N eff is positively correlated with H 0 for all the three models, thus considering the parameter N eff in cosmological models can indeed help enhance the fit value of H 0 . We can clearly see that, for both the wCDM+ν s and HDE+ν s models, the posterior distributions of H 0 become much wider compared to the ΛCDM+ν s case, and for the HDE+ν s model, the H 0 distribution gets a considerable right shift. But for the distributions of m eff ν,sterile and N eff , the differences for the three models are not evident.
The BAO distance scales measurements are considered to break the geometric degeneracy, but not enough, thus adding the low-redshift observations can help further break the parameter degeneracy. In the case of the Planck TT,TE,EE+lowP+BAO+SN+H 0 +lensing, we have m eff ν,sterile < 0.2675 eV and N eff < 3.5718 for ΛCDM+ν s , m eff ν,sterile < 0.5313 eV and N eff < 3.5008 for wCDM+ν s , and m eff ν,sterile < 0.1989 eV and N eff < 3.6701 for HDE+ν s . Obviously, we see that adding the lowredshift data strikingly changes the values of the upper limit of m eff ν,sterile . Including low-redshift data tightens the constraints on m eff ν,sterile for the three models. For the wCDM+ν s model, the constraint is weakest, and for the HDE+ν s model, the constraint is most stringent, which is in accordance with the conclusions in previous studies for the active neutrino mass [16] (see also Ref. [10] ), i.e., it was found that the HDE model leads to the extremely stringent limit on the total mass of active neutrinos ( m ν < 0.113 eV), with the data combination Planck TT,TE,EE+lowP+BAO+SN+H 0 +lensing. Similarly, with regard to the sterile neutrino species, the HDE cosmology also leads to an extremely stringent upper limit on the effective mass of sterile neutrino (m eff ν,sterile < 0.1989 eV). Besides, for the constraint results for the parameter N eff , we find that N eff cannot be well constrained using the Planck TT,TE,EE+lowP+BAO+SN+H 0 +lensing data, but the addition of the measurement of growth of structure data can significantly improve the constraint on N eff .
For example, in Ref. [43] the detection of ∆N eff > 0 in the ΛCDM cosmology is at the 1.27σ level with the data combination of Planck TT,TE,EE+lowP+BAO+SZ+H 0 +lensing+WL, and in Ref. [50] the detection of ∆N eff > 0 in the holographic dark energy cosmology is at the 2.75σ level with the data combination of Planck TT+lowP+BAO+SN+RSD+WL+lensing+H 0 (here, SZ refers to Planck thermal Sunyaev-Zeldovich clusters measurement, WL refers to weak lensing galaxy shear measurement, and RSD refers to redshift space distortions measurement). In fact, we only consider to give conservative constraints on the sterile neutrino species, and so we do not use the measurements of growth of structure for combined constraints in this paper. We can clearly see that, in this case, N eff is still positively correlated with H 0 , and in the dynamical dark energy models the distributions of H 0 get an explicit right shift.
Comparing the three models, we find that the HDE+ν s model acquires the highest H 0 and N eff values and the lowest m eff ν,sterile value. In the wCDM+ν s model, the fit value of m eff ν,sterile is highest among the models. To directly show how dark energy properties affect the constraints on sterile neutrino parameters, the dependence of m eff ν,sterile and N eff upon the parameters of dynamical dark energy models is plotted in Figs. 3 and  4 . Both figures are obtained by using the two data combinations.
For the wCDM+ν s model, from Table I , we have w = −1.055
+0.073
−0.060 without the low-redshift data, and it changes to w = −1.058±0.044 after considering the lowredshift data. Obviously, adding the low-redshift data tightens the constraints on the dark energy parameter w. In Fig. 3 , we find that m eff ν,sterile is evidently anticorrelated with w. And, adding the low-redshift data significantly changes the limits of m eff ν,sterile and N eff : the upper limit on m eff ν,sterile is driven to a lower value, while the upper limit on N eff is driven to a higher value.
For the HDE+ν s model, from Table I , we have c = 0.541 +0.043 −0.054 without the low-redshift data, and it changes to c = 0.628
+0.034
−0.041 with the addition of the low-redshift data. We find that the Planck CMB data prefer a low value of c, and the low-redshift observations tend to drive c upward to a higher value. The two-dimensional posterior distribution contours (68.3% and 95.4% CL) in the m eff ν,sterile -c plane and the N eff -c plane, for the constraints from two data combinations, are shown in Fig. 4 . We find that m eff ν,sterile is slightly anti-correlated with c. Evidently, adding the low-redshift data tightens the constraints on the dark energy parameter c and significantly changes the limits of m eff ν,sterile and N eff . As the same to the case of wCDM, including the low-redshift data drives m eff ν,sterile to a lower value and drives N eff to a higher value for their upper limits.
We now make a simple model comparison for the three models. The value of χ 2 min for different models in the fit are also listed in Next, we wish to simply address the tension issue. In fact, the tension between the Planck observation and the local measurement of the Hubble constant has been studied widely [13, 43-48, 50, 89, 107-112] . To reduce the tension, more possibilities should be explored. One interesting suggestion is to consider additional sterile neutrino species in the universe [43] [44] [45] [46] [47] [48] , and another interesting suggestion is to consider the dynamical dark energy cosmology [13, 89, 109, 110] . Of course, simultaneously consider the two aspects would furthest relieve the tension.
In Fig. 5 , we show the one-dimensional posterior distributions of H 0 for the three models.
In the left panel, we show the case of fitting to the Planck TT,TE,EE+lowP+BAO data, and in the right panel, we show the case of fitting to the Planck TT,TE,EE+lowP+BAO+SN+H 0 +lensing data. From this figure, we can clearly see that once the sterile neutrinos are considered in the dynamical dark energy models, then according to the constraints of the two data combinations, the fit value of H 0 can become much larger. In Table I for the HDE+ν s model. In this case, the tension with the Hubble constant direct measurement is at 1.88σ level, 1.44σ level, and 1.11σ level, respectively. Thus we have shown that the tension can be largely relieved once sterile neutrinos and dynamical dark energy are both considered. Therefore, compared to the ΛCDM+ν s model, the dynamical dark energy models with sterile neutrinos can indeed largely relieve the tension between the Planck observation and the local measurement of the Hubble constant. In this aspect, the HDE model performs best. But, recalling the analysis above, it should be reminded that the HDE+ν s model is evidently worse than the ΛCDM+ν s model in the fit to the current observations. Therefore, the scheme to solve the H 0 tension by considering the HDE+ν s model is actually not strongly supported by the observations.
IV. CONCLUSION
We constrain the sterile neutrino parameters, m eff ν,sterile
and N eff , in dynamical dark energy models. We only consider the simplest extensions to the ΛCDM cosmology, namely, those having only one more parameter than ΛCDM. Thus, in this paper, we search for sterile neutrinos in the wCDM and HDE cosmologies. We use the latest observational data sets (including the Planck 2015 TT,TE,EE+lowP, BAO, SN, H 0 , and Planck lensing measurements) to do the analysis.
We have the following findings: (i) Without the addition of the measurements of growth of structure, only upper limits of m eff ν,sterile and N eff can be obtained, which indicates that no evidence of the existence of a sterile neutrino species with eV-scale mass is found in this analysis.
(ii) Dark energy properties could significantly influence the constraint limits of sterile neutrino parameters. Compared to the ΛCDM cosmology, in the wCDM cosmology the limit of m eff ν,sterile becomes much looser, but in the HDE cosmology the limit becomes much tighter. (iii) In the cosmological fit, the wCDM+ν s model is only slightly better than the ΛCDM+ν s model, and the HDE+ν s model is much worse than the ΛCDM+ν s model. (iv) In the HDE+ν s model, the H 0 tension is indeed furthest relieved, but this does not mean that the problem is really solved because the HDE+ν s model is not favored by the current observations from a model comparison analysis.
